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Nambu Mechanics in the Lagrangian Formalism

Tsuyoshi Ogawa® and Toshiaki Sagae?
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A Lagrangian formulation is presented as the counterpart of the Hamiltonian one
for Nambu mechanicswhich isanatural generalization of Hamiltonian mechanics.
If we postulate the existence of plural Lagrangians corresponding to the existence
of plural Hamiltonians, we can formulate the Lagrangian formalism in Nambu
mechanics as well as in Hamiltonian mechanics. Here, in terms of exterior
differentiation, Nambu mechanics can be formulated in a completely parallel way
toordinary analytical mechanics, including generalized L egendretransformations.

1. INTRODUCTION

In 1973 Nambu proposed a generalization of ordinary Hamiltonian
mechanics [1] which is now called Nambu mechanics. Many authors have
since investigated its connection to the usual Hamiltonian mechanics and
its quantization.

Inthis paper we study Nambu mechanicsin termsof the exterior differen-
tial form and show that there exist plural Lagrangians corresponding to the
number of Hamiltonians in it.

In Section 2 we explain Nambu mechanics briefly. Here a Nambu
bracket, which is a generalization of the usual Poisson bracket, is explained
as a natural generalization of the 19th century Jacobian form of the Poisson
bracket [2].

In Section 3 we outline the canonical formulation of the mechanics by
use of the Poincaré—Cartan exterior differential form Q®:
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Q0 =pdd — Hadt
In Section 4 we introduce the analog of the same exterior differential
form for Nambu mechanics: for the three-dimensional case, it is
0@ =qdpOdr — Hy dH, Odt

This Q@ will be used for the principle of least action and “canonical”
transformations in Nambu mechanics.

In Section 5 we formulate Nambu mechanicsin a*“Lagrangian” formal-
ism. It is shown that we have two or more Lagrangians corresponding to the
existence of two or more Hamiltonians in Nambu's formalism. In the case of
two Lagrangians, they are connected with the corresponding Hamiltonians as

Here we see a generalized Legendre transformation in Nambu mechanics,
as will be explained later.

2. NAMBU MECHANICS

In standard analytical mechanics, the equations of motion are

. H
q_ap

S _H
p= aq

where these equations have an apparent asymmetry between g and p (q and
p denote a doublet of dynamical variables, i.e., canonical coordinates and
momenta, respectively, and H isthe Hamiltonian of the system under consider-
ation). The temporal development of any function f(g, p) can be written in
terms of the Poisson bracket as

df
PR} ®

The Poisson bracket {.,.} can also be rewritten in terms of the Jacobian,
_ 9(f, H)
a(a, p)

as was often done in the 19th century [2]. Here we omitted the symbol of
summation for the case of plural degrees of freedom. Noticing this form,
Nambu [1] generaized formally the equations of motion (1) to

{f,H}
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dt
where g, p, and r denote a triplet of dynamical variables and H,, H, are two
Hamiltonians with arguments g, p, and r. Equation (2) isanatura generaliza-
tion of Eg. (1) and the extended Poisson bracket {., ., .} is caled the
Nambu bracket.

Now let usstudy the difference between the usual Hamiltonian mechanics
and Nambu mechanics. In the usual Hamiltonian mechanics dynamical vari-
ables g, p are canonical pairs, hence the phase space spanned by (g, p) has
even dimensions. In Nambu mechanics, however, the phase space has three
or more (generally, any number of) dimensions, since Eq. (2) can be extended
to the following:

)

df _ a(f,Hy, Hy, ..., Hily)
dt (X1, Xo, Xgy + + + 4 Xn)

©)

where (Xq, ..., X,) denotes an n-tuple of dynamical variables and Hy, . ..,
H,-1 aen — 1 Hamiltonians. It is shown by substituting Hy for f in Eq. (3)
that each Hy is a constant of motion [or first integral of Eq. (3)]:

dHy _ 0(Hi Hy, - Hig - Hic)

dt (X1, X2, « + oy Xp)

=0

because the Jacobian matrix has two equal rows. From this, we realize that
in Nambu mechanics there are two or more Hamiltonians al of which are
constants of motion, while the usual Hamiltonian mechanics involves a sin-
gle Hamiltonian.

Let us return to the simplest triplet case. Substituting the triplet (g, p,
r) for f respectively in Eq. (2), we have

(- — a(ql Hll H2) — a(Hlv HZ)
a(a, p, ) a(p, r)
. 9(p, Hy, Ha) _ 9(Hy, Hy)
V"7 ann o @
P = a(rv Hlv H2) — a(Hla H2)
\ a(’:L p1 r) a(q, p)
We see hence the apparent asymmetry disappear, which we see in the usual

Hamiltonian equations of motion.
Then, we can prove easily
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0 0 9.0 0HLHY 9 (HuHy) 9 a(Hy Hp)
—g+—p+—F=—
aqd  pP T ar " T g a(p 0 ap a(r, q) T (9, p)

=0

This indicates that the “divergence” of the velocity (g, p, f) in a three-
dimensional phase space vanishes, ensuring that the Liouville theorem is
valid in Nambu mechanics as well as Hamiltonian mechanics. Since the
Liouville theorem states that for an ensemble of identical systemsthe volume
of the phase space occupied by the ensemble is conserved, we mention
that the ensemble in the Nambu phase space is also supposed to be an
incompressible fulid.

3. HAMILTONIAN MECHANICSIN TERMS OF THE
DIFFERENTIAL FORM

In this section we outline Hamiltonian mechanicsin terms of the exterior
differential form as preparation for treating Nambu mechanics by it in the
next section.

Let us begin by considering the following 1-form Q® on RN*! with
N-dimensiona coordinates @, . .., gV, momentap, ..., py, and atime t:

OO =pdd —H@pd (@(=1...,N) ©)

where the summation convention is used. The reason why the canonical
momenta p; are covariant components of a vector in the above equation
comes from the fact that p; is defined via the Lagrangian L(q, §) as

_aL
g
The 1-form Q®W, which is called the fundamental 1-form (or Poincaré—Cartan
integral invariant), plays an important role in Hamiltonian mechanics. In

fact, the principle of least action is represented in the form that the integral
of Q® along the actual curve has an extremal:

SJQ(D:BJ(pidq‘—Hdt)

=5 [ (a -
=5JLm=o ©6)

which is Hamilton's principle.
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The exterior differential of QO is

dQ® = dp, Odg — (3—2 dg + 3—'; dpi) O dt

_ oH i _oH
= <dpI + oq dt) O (dq ap dt)

= 6; Dpl
where
ei Edp| +8—H|dt
9q
i — i_ﬁ
p'=dg Gpidt

This indicates the close relation between the fundamental 1-form Q® and
the Hamiltonian equations of motion, because the Pfaffian equations

GiEdpi—l-a—'_:dt:O
aq

i—gq _ OH ¢
p'=dg 8pidt 0

are exactly the Hamiltonian equations,
_oH
aq
5 = 9H
P
Our next step isto find out how canonical transformations are expressed
in this form. Since canonical transformations are those which preserve the
Hamiltonian equations (7), we see from the above fact that the 2-form dQ®
consists of 6; and p' that canonical transformations are those which preserve
the 2-form dQ®. For example, consider a transformation (q, p) — (Q', P,)

and suppose that the fundamental 1-form of the new coordinates and momenta
system is

Pi

(7)

QW' =P dQ — K (Q, P) dt
Then the canonical transformation requires that
dQ®W = do® )
In other words [since d(dW)= Q]
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QW0 = QW + dw 9
where W, which should be considered as the generating function of this
transformation, isan arbitrary function. Equation (9) can bewritten asfollows:

dw

P — H@ p) = PQ —KQP) + - (10)

Assuming that W = W(q, Q, t), we have
dw oW .. oW .. oW
— =— g+ —0 + —
o (S To' g 0Q Q ot

Substituting this equation into Eq. (10) and considering g and Q' as indepen-
dent variables, we obtain

r oW
=g
oW
<Pi:_a_Qi (11
K=H+W
L ot

These equations show the relation between (g, p, H) and (Q, P, K).
In particular, provided that W = W(q, Q),

LW L W
dW_aqidq+aQidQ
=p dg — P, dQ'

where we employ Eq. (11). Taking the exterior differential of the above
equation, we have

do® = dg’ Odp, = dQ O dP; = do® (12)

This equation shows the invariance of the 2-form dw® (which is called
the symplectic form) under the canonical transformation. Equation (12) is
equivalent to Eq. (8) in case dt = 0.

We see of course that the expression

(do)N = do® 0. .. 0 de®
= (—)NN-D2Nidgt O...O0dgV Odp, O... Odpy
= (—LNN-D2 NI

is also invariant according to Eq. (12); consequently, the volume element dV
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on the phase spaceis preserved under the canonical transformation (thisresult
corresponds to the Liouville theorem).

4. NAMBU MECHANICS IN TERMS OF THE DIFFERENTIAL
FORM

Now we extend the result of Section 3 to Nambu mechanics. For simplic-
ity, we will restrict ourselves to the three-dimensional case for a while.

The fundamental 1-form [namely, Eg. (5)] in Hamiltonian mechanics
can be generalized to the following 2-form Q@ on R* of dynamical variables
g, p, r, and atime t [3-5]:

0@ =qdpOdr — Hy dH, O dt (13)

The reason why we choose the above 2-form in Nambu mechanics is
shown as follows: The differentia of Q@ is written as

oH oH oH
@ = _ (21 + 2 + I
dQ dq Odp Odr ( aq dg P dp o dr)

D(a—HZ dg + M2 g4p + aHz dr) Ot

aq ap
_ d(Hy, Hp) d(Hy, Hp)
= (dq (p. 1) dt) (dp o0, dt)
D (dl’ ag?l! )2) )
=00pUo
where
(6 = dg — ag?l, )2) dt
_ a(H11 2)
1"~ e
o=d — 9(Ha, Ha)
\ a((:]1 p)

Now the Pfaffian equations,
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( d(Hy, Hp)
6=d dt=0
ST
o(H4,
{p=dp— (8(1 )Z)dt—o
o=d — 3(Hy, Hy) dt =
\ @ )

are equivalent to Egs. (4). Therefore, by analogy with the Hamiltonian case
in Section 3, Eqg. (13) can be considered as the generalized fundamental 2-
form in Nambu mechanics, which corresponds to the 1-form in Hamilto-
nian mechanics.

In the following we investigate canonical transformations in Nambu
mechanics. In the same way as for Hamiltonian mechanics, we call amapping
g (g p.t) - (Q, P R) the canonica transformation in Nambu mechanics
if g preserves the 3-form dw® = dq O dp O dr [which corresponds to the
generalized one of Eq. (12)]:

do® = dqOdp Odr = dQ OdP OdR = dw®’

Then

aQ GQ aQ
qudder—(—aqdq+ dp + rdl’)

oP oP oP
D(a_qdqua_pderﬁdr) < qdq+—pdp+—dr)

1Q, PR
== Y dqqOdp Odr
amnnq P

Consequently
QPR _
a(a, p, 1)

By virtue of this, Eq. (2) is shown to be invariant under the canonical
transformation:

df _ a(f, Hy, Hy)
dt a(g, p, 1)
_ 9(f, Hy, Hy) 9(Q, P R)
~ WQPR aapr
a(f, Hy, Hy)
(Q, PR
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The 2-form (13) can be easily generalized to the (n — 1)-form on R"** with
Xty « - oy Xn G

QO = xythy 0+ Oy — Hy dHy O+ DMy Dok

which istheinvariant form corresponding to the case of n — 1 Hamiltonians,
n being any integer more than 3. In this case the same arguments as above
still hold.

5. EXISTENCE OF TWO OR MORE LAGRANGIANS IN
NAMBU MECHANICS

Here we consider Lagrangians in Nambu mechanics which have not
been sufficiently considered by other researchers. In what follows, we show
there exist two or more Lagrangians corresponding to two or more Hamiltoni-
ans in Nambu mechanics.

Before presenting plural Lagrangians, we comment on the single Lagran-
gian proposed by Bayen and Flato [6]. Their Lagrangian is

L(X, %) = Hy)R - VH,(X) (14)

(; being the configuration variables). Remark that this Lagrangian is linear
in velocities. The Euler—Lagrange equation for this Lagrangian is

% X (VHy X VHy) = 0
from which we deduce
R = f(X)(VH; X VH,)

with an arbitrary function f(z). In the case f(>_<)) =1,

X = VH, X VH,
_ (8(Hy, Hp) a(Hy, Ha) 3(Hy, Hp)
( a2 " Az X T axy) ) (15)

where X = (X, ¥, 2). Indeed, these equations are formally equivalent to Egs.
(4), but do not well fit the statement that Nambu mechanics is a natura
generalization of Hamiltonian mechanics (recall Section 2). In Eg. (15) the
coordinates x = (X, Y, 2) denote the configuration variables on the three-
dimensional space, whereas in the Nambu equations of mation (4) only g
denotes the configuration variable. The variables p and r are, so to speak,
the first canonical momentum and the second canonical momentum, respec-
tively, for the coordinate ¢. Moreover the canonical momenta derived in the
usual way from their Lagrangian (14), dL/oX = H1V H,, play no rolein their
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example. Thus Eq. (15) is different from the Nambu equations of motion;
the Lagrangian in the form (14) is irrelevant to Nambu mechanics.
Another Lagrangian that may be considered by examining the principle
of least action in Nambu mechanics was proposed by Takhtajan [5]. Corres-
ponding to the 1-form Q® of the usual action integral (6) in Hamiltonian
mechanics, we consider the integral of the 2-form Q® (13) as Takhtajan did:

JJ 0@ = JJ (gdp dr — Hy dH, dt)

(we omit the notation [ from now on). He assumed that g, p, r are functions
of two parameters t and t’ corresponding to the double integration, i.e., q =
qlt, t"), p = p(t, t'), r = r(t, t'), and that variations dq, 8p, dr are zero at the
endpoints of each parameter. Then,

”Q(Z):” [q(a—pdt a'?dt)( dt+—,dt>
ot at ot ot

~H {aHZ (aq ot + 29 dt)

aq ot’
L <8p dt + 3'? dt’ ) aH2< dt + ar/ dt )} dt]
p ot or ot
_ dpor _ op or
Naov at ~ at at
Ty <6Hz 99 | Mz 0p G_Hzﬂﬂ dt’ dt (16)
aq ot op ot ar ot

Thus,

5|1 oo = ag( P _IPOTY | s[RI _ 9P or
ot’ ot ot ot ot’ ot ot ot
_8H1<8_H2(?_GI|+8H23[?+8_|‘|28_I”)
doq ot Jap ot ar ot

(It e i ok o] g
aq at'  ap at'  ar ot

In the above expression, a collection of al the terms which involve 8q is
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EEEHE
Jat’ ot ot ot

_ My (Hp 69 | oMy ap | aH, or
aq \ aq at’ op ot’ ar ot

2 2
L T 8q+a—r,a—H28q)]dt’dt
at’ ag? aq ot at’ apaq Jgt’ araq

(17)

The seventh term in Eq. (17) can be written, integrating by parts and using
the previous assumption with respect to the endpoints of t’, as follows:

- aH, ,
J j My g 5 (000 d' e

[l g
Il o)l
() o

_ H [aH1 dHp 0q , \, #°H 90  9HidH, 0p | 9°Hp 3p

aq aq ot’ Lo ot ap aq ot ! apaq ot’

g WM oHp O 9 O S o
or aq ot araq ot

Substituting this to Eq. (17), we see that Eq. (17) is equal to

ar  a(Hy, Hy) ap  d(Hy, Hp) '
” [(5 a(é p)z)at' (5 a(r1 q)2> ]Sth a

Similar calculations for 8p and &r give

@ — ar _a(Hy, Hp) Hz)) ap _ (a_p d(Hy, H )3_}
8”” ” H(at aqp o\t arg )t

89 _ a(Hy Hp)\ ar _ (ar _ a(Hy Hyp)\ o
+{<ﬁ a(;xr)Z)at' (at a(é,p;)a }8'0
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ot o g /ot \at  “a(p,r) |t

This indicates that if Egs. (4) are satisfied, 8 [f Q@ = 0 for arbitrary
variations dq, dp, dr. Therefore, it appears that the principle of least action
isvalid aso for Nambu mechanicsin the aboveform and we have theintegrand
under the action integral, which should be considered the Lagrangian function,

- opar _dpar
L(g, p, 1) J [Q<at, 5t ot at')

(200, M op | org ar)] o
aq ot ap at'  ar at

from the analogy of Eqg. (6), viewing the form of Q®), (16). Though we see
that the Nambu equations of motion are derived in this way using two
parameterst and t’ for the action integral, the physical meaning of the second
paremeter t' is ambiguous, moreover, this Lagrangian is not a suitable one
since the function does not consist of coordinates and their time derivatives. In
addition, asingle L agrangian could not providethe Legendretransformationto
generate two or more Hamiltonians.

Now, how can we obtain the genuine Lagrangiansin Nambu mechanics?
For this purpose, we postulate that there exist as many Lagrangians as the
number of Hamiltonians in Nambu mechanics and that for each Lagrangian
the principle of least action holds. In the simplest case we postulate the
existence of two Lagrangians Li(q, ), Lo(q, §) corresponding to the two
Hamiltonians. That is,

Ble(q. gQdt=0

5| La k=0
Thus we have the two Euler—Lagrange equations for the two Lagrangians:
oL, d (aLl)
1 2 (%) —
aq dt\oq
o, d <8L2>
T2 2 (%=2) —
aq dt\ g

Next we define the first canonical momentum p and the second canonical
momentum r as

(18)
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‘
©
l
D
—
o

< (19

,
Il

From Egs. (18), we see that

) (20)

L 99

Now we define the two Hamiltonians H, and H, through exterior differ-
entials as follows:

dH, D dH, = ﬁ d(p — Ly) 0d(rg — Ly) (21)

where H; and H, are expressed in terms of g, p, and r. Then the left-hand
side of Eq. (21) is equa to

Jq ap or aq p ar

a(Hlv 2) a(Hlv 2) a(Hl! 2)
a(p.1) dp Odr + o0, Q) dr Odq + 2. p) dqOdp

and the right-hand side of Eq. (21) is equal to, by virtue of Egs. (19) and
Egs. (20),

1., . .
ad(pq—Ll)Dd(rq—Lz)
1. . oL, Ly . ]
= - d + d - d + d
q[q p+pdg ( P q PP q)

L, L, )]
dar + r dg — dg + —=d
[q q (q q Y q

1. , , ;
=a(qdp—de)D(qdr—rdQ)
=qQdpOdr + pdr Odg +  dg Odp

Comparing these equations, we obtain
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. _ 9(Hy, Ho)
a(p, 1)
_ 9(Hy, Hy)
a(r, q)
_ 9(Hy, Hy)
\ a(d, p)

which are the same equations as Egs. (4). This guarantees the reasonabl eness
of the postulate of the existence of two Lagrangians and our definition of
Hamiltonians corresponding to them in Eq. (21).

The generalization of the preceding resultsto the case including multiple

Nambu momenta, where dynamical variables consist of n-tuples (xy, . . ., X,)
[= (9, pu- .., Pr-)], is straightforward. Remark that there exist n — 1
Lagrangians L(Xy, X1), . . . , Ln—1(X1, X;) and the principle of least action holds

for each L,. The Nambu momenta are defined asfollows. The first momentum
X, = dLy0%, (i.e., pr = dL4/0q), the second momentum x; = dL,/oX, (i.e.,

p, = dL,/9Q), ..., the (n — 1) th momentum X, = dL,_ /0%, (i.e, ph_1 =
n-1/00). The n — 1 Hamiltonians Hy (Xq, ..., Xn), « ., Hooa(Xg, .0y X0)
are defined as

dH; O+ OdHy_1 = (%)~ 2 d(x% — L)
O--0dX% — L) (n=2) (22)
Then we obtain

r)_( _ 9(Hy ..., Hoy)
' a(XZ! reey Xn)
: d(Hy, -+, Hooo)
— -1 k+1
<Xk ( ) a(le-'-le—:l.le‘f']_l-'-IXI"I)
Xn — (_l n+1 a(Hlv sy Hn—l)
\ I(Xs + -+ s Xn-1)
as the equations of motion.
Using these equations, we have for any function f = f(x,, ..., X,)
af  of . of . of
at o - ax 9%, X
_ of 0(Hu .. Hay)

Xy (X2 ..., Xn)
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+ a_f (_1)k+1 a(Hl’ P anl)
I Xy« vy X 1o Xt 1 = -+ Xn)
+ e 4+ (?_f (_1)n+1 d(Hy, ..., Hnoo)
aXn a(X]_, ey Xn—l)
~A(f, Hy, ... Hyo)

Xy X2y -+ oy Xn)

This is just equal to the most generalized form of the Nambu equation of
motion (3).

For n = 2 Eq. (22) turns out to be the differential form of the definition
of the Hamiltonian in the Legendre transformation in standard analytical
mechanics:

dH =d(pg — L) (23)

where we employ q and p instead of x; and x,. Therefore we can conclude
that Eq. (22), the definition of Hamiltoniansin the case of many Hamiltonians
viamany Lagrangians, isanatural generalization of Eq. (23). We have shown
the generalized Legendre transformation valid in the Nambu formalism of
mechanics; it supplements the lack of a relation between Lagrangians and
Hamiltonians in developments hitherto made for Nambu mechanics.

6. CONCLUSION

Nambu mechanicswas proposed asageneralization of the usual Hamilto-
nian mechanics. In analytical mechanics, we have the Lagrangian form of
mechanics in parallel to the Hamiltonian one, and there is a connection that
each central function is transformed by the L egendre transformation together
with the change of fundamental dynamical variables (g, §) < (g, p). If Nambu
mechanics is to be a genuine generalization of usual analytical mechanics,
it should have its counterpart of Lagrangian form.

In papers about Nambu mechanics, many authors have laid emphasis
on the Hamiltonian formalism and not on the Lagrangian formalism; the
appropriate Lagrangian formalism for Nambu mechanics has not been given
even if the Lagrangians were treated. In this paper (especialy, in Section 5),
by use of the exterior differential form, we formulated Nambu mechanics in
the Lagrangian formalism and showed that Nambu mechanics is formulated
as well in the Lagrangian formalism as in the Hamiltonian formalism. We
found that the exterior differential form offers great advantagesin formulating
Nambu mechanics.
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Some authors [6—11] concluded that Nambu mechanics could be embed-
ded in Hamiltonian mechanics. As we have seen in this paper, however,
Nambu mechanics, which was first proposed as a generaization of the usual
Hamiltonian mechanics, can be formulated as well in the Lagrangian form.
The meaning of the generalization is as follows. In the usual Lagrangian and
Hamiltonian formalism the g's are generalized coordinates and the p’s are
their conjugate momenta defined as p = dL/a¢, while in our formulation of
Nambu mechanics the q's are the same as in the usual case, but the p's are
two or more variables corresponding to p; = dL4/0{, p, = 9dL,/9Q, .... In
the simplest case, for example, we may take the triplet of dynamical variables
(g, p, r) as a coordinate (g) and the first and the second momentum (p, r).
As aresult, we can say, in contrast to refs. 6-11, that Hamilton mechanics
is to be embedded in Nambu mechanics; namely, the usual Hamiltonian (and
Lagrangian) mechanics is interpreted as a specia case of Nambu mechanics
in which the number of Hamiltonians (and consequently Lagrangians) is
only one.

We expect to find that Nambu mechanics can be used to describe certain
physical phenomena that cannot have be appropriately described by means
of the usual Hamiltonian mechanics.
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